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Stock Market Volatility is Back

Date Price ∆Price Date Price ∆Price

1 19/10/87 224.84 -0.20 19 26/7/34 8.36 -0.08

2 28/10/29 22.74 -0.13 20 11/10/38 12.84 -0.08

3 29/10/29 20.43 -0.10 21 16/6/30 20.56 -0.08

4 16/4/35 8.22 -0.10 22 9/10/08 909.92 -0.08

5 6/11/29 20.61 -0.10 23 14/5/40 10.28 -0.07

6 3/9/46 15.00 -0.10 24 31/5/32 4.47 -0.07

7 18/10/37 10.76 -0.09 25 24/9/31 10.68 -0.07

8 5/10/31 8.82 -0.09 26 15/6/33 9.74 -0.07

9 15/10/08 907.84 -0.09 27 4/1/32 7.56 -0.07

10 1/12/08 816.21 -0.09 28 27/10/97 876.99 -0.07

11 20/7/33 10.57 -0.09 29 12/9/32 8.15 -0.07

12 29/9/08 1106.42 -0.09 30 16/5/35 9.15 -0.07

13 21/7/33 9.65 -0.09 31 31/8/98 957.28 -0.07

14 10/10/32 6.42 -0.09 32 8/1/88 243.40 -0.07

15 26/10/87 227.67 -0.08 33 20/11/08 752.44 -0.07

16 5/10/32 7.39 -0.08 34 28/5/62 55.50 -0.07

17 12/8/32 7.00 -0.08 35 8/8/11 1119.46 -0.07

18 16/8/35 10.62 -0.08



Stock Market Volatility is back...
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...but should we care?

1. For ”Wall Street”: volatility means risk. There is a
risk-return trade-off (seminal paper: French, Schwert and
Stambaugh, 1987); short and long volatility are priced
(Adrian and Rosenberg, 2008) .

2. For ”Main Street”: volatility linked to investment,
employment and output (e.g., Tobin and Brainard, 1977;
(...); Bloom, 2009; Kilic and Wachter, 2018; Adam and
Merkel, 2019).

Why did stock market long run volatility go up?
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Hypothesis: Long run PD volatility is driven by capital taxes

Evidence 1. A new fact: corr(volatility, capital taxes) = -0.84.
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Hypothesis: Long run PD volatility is driven by capital taxes

Evidence 2. Causal mechanisms in a general equilibrium model.

1. Traditional Fundamental channel:

Tax changes capitalize into stock price volatility.

2. New! Non-fundamental channel:

The tax level determine the elasticity of stock prices to
investors’ beliefs.
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Stock Demand and Supply determine the stock price
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Tax fundamental channel
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Beliefs determine prices
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Tax non-fundamental channel
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Hypothesis: Long run PD volatility is driven by capital taxes

Evidence 3.
The model replicates a comprehensive list of Asset Pricing facts.

It includes:

+ Dividend and consumption processes.

+ Equity Premium!.

+ Market volatility.

+ Correlation tax-price level.

+ Correlation tax-volatility.

The decline in capital taxes
⇒ caused the rise in volatility.
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Contributions to the literature

A tax theory of the long run price-dividend volatility

1. Personal capital income taxes ⇒ volatility literature.
I Empirical macroeconomic determinants of stock market

volatility (Schwert (1989), Engle et al. (2013)).
I Consumption-based asset pricing models (Lucas, 1978),

with Internal Rationality (Adam, Marcet and Nicolini,
2016).

2. Volatility ⇒ tax capitalization literature.
(McGrattan and Prescott, 2005; Sialm, 2006, 2009).
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Roadmap

1. Document empirically the new fact.

2. Set up an Asset Pricing model with Stochastic Capital Taxes.

+ Analyse how taxes rule volatility.

3. Quantitative analysis of the model.

+ Model estimation and testing.

+ Robustness analysis.

+ Historical test.



1.- Empirical Evidence



1.1.- Measures (I): Long run volatility

Long run price-dividend volatility ≡
permanent component of the conditional variance

I Computed using the AR-GARCH-MIDAS approach (Extension of
Engle et al., 2013)

I Mean process (AR(1)):

Pq,t
Dq,t

= µ+ ρ
Pq−1,t

Dq−1,t
+ εq,t, εq,t ∼ iiN (0, σ2

q,t) (1)

I Conditional Standard Deviation:

εq,t = σq,tεq,t = vtgq,tεq,t, εq,t|Iq−1,t ∼ N (0, 1) (2)

I Short run component g follows a GARCH(1,1).

I Long run component v is a MIDAS filter over realized volatility

v2
t = φ0 + φ1

K∑
k=1

ϕk(w)RV 2
t−k (3)



1.1.- Measures (II): Capital tax rates

Capital tax rate ≡
combination of capital gains and dividend effective tax rates

I Effective Average Marginal tax rates (Barro (1983), McGrattan and
Prescott (2005), Sialm (2009)).

τt =
(
τdt ν1 + τskgt ν2 + τ lkgt (1− ν1 − ν2)

)
(1− ηt) (4)

I τd: EAMTR on dividends (NBER; pre-1960, Sialm (2009)).

I τskg, τ lkg: EAMTR on short and long capital gains (NBER; pre-1960,
Sialm (2009)).

I ν1, ν2: average share of dividends and short capital gains on equity
income (Sialm (2009)).

I η: non-taxable share (computed following Rosenthal and Austin
(2016)).

Taxable Share Raw Rates



1.1.- Measures (III): Time Series, 1954-2012, US
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3.- The Model



3.1.- Model structure: Investor’s program

+ Stochastic exchange economy; time-separable utility;
competitive but incomplete markets (Lucas, 1978);
+ Subjective expectations (Adam, Marcet and Nicolini, 2016)
+ Stochastic capital taxes

max
{Ci

t ,S
i
t}

∞
t=0

EP0
∞∑

t=0

δt
(Cit)

1−γ

1− γ (5)

s.t.

Cit + PtS
i
t ≤Wt + (Pt +Dt)S

i
t−1 + Tt − τt(Dt + π(Pt − Pt−1))Sit−1;

S ≤ Sit ≤ S̄; Si−1 = 1

(6)

where

π =
Realized Capital Gains

Total Capital Gains
(7)
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3.1.- Model structure: Investor’s information set

I P is a fundamental of the model.
It sets agents’ perceived evolution of exogenous variables.

I Perfect knowledge of:
Ct
Ct−1

= aεct (8)

Dt

Dt−1
= aεdt (9)

τt = τt−1 + ετt (10)

I What about prices?

Two approaches:

Traditional Perfect knowledge ⇒ Rational Expectations.
Alternative Imperfect knowledge ⇒ Internal Rationality.
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3.2.- Analytical results: General result

I The equilibrium price-dividend ratio is Solution method

Pt
Dt

=
δa1−γρz(τt)(1− τt)

1− δβpt z(τt)(1− πτt)
(11)

Pt
Dt

=
P

D
(τt, β

p
t )

Result 1: A permanent tax change triggers a perma-
nent effect on the PD ratio of the inverse sign

τ ≥ τ̃ ⇒ Pt
Dt

(
τ
)
≤ Pt
Dt

(
τ̃
)

⇒ Explain corr(PDt, τt) .
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3.2.1.- Rational Expectations Equilibrium

I Particular case: P is the objective probability measure.

⇒ Knowledge of fundamentals is enough to pin down prices.

I RE Equilibrium price-dividend ratio:

PREt
Dt

=
δa1−γρz(τt)(1− τt)

1− δa1−γρz(τt)(1− πτt)
(12)

PREt
Dt

=
PRE

D

(
τt

)
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3.2.2.- Internally Rational Equilibrium (I)

I Imperfect knowledge about how fundamentals map into prices

⇒ investor’s view about prices must be set up.

I Benchmark: Rational Expectations beliefs

βREt = Et

[(Ct+1

Ct

)−γ(Pt+1

Pt

)]
= a1−γρ (13)

I IR investor’s view about prices:

(Ct+1

Ct

)−γ(Pt+1

Pt

)
= Abt + vt

bt = bt−1 + wt

(14)

I It encompasses RE for A = 1, bt = a1−γρ.
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3.2.2.- IRE (II): Expected-Actual Feedback & Learning

I Perceived Capital Gains (from P):

Aβt ≡ EPt

[(Ct+1

Ct

)−γ(Pt+1

Pt

)]
,where βt = E(bt)

I Actual Capital Gains (from equilibrium PD ratio):( Pt
Pt−1

)
=

(
1 +

δA∆[z(τt)(1− πτt)βt]
1− δz(τt)(1− πτt)Aβt

)
z(τt)(1− τt)
z(τt)(1− τt−1)

Dt
Dt−1

(15)

I Recursive estimation of βt (Kalman filter): Block Diagram

Updating rule: βt+1 = βt + kt

{( Ct
Ct−1

)−γ( Pt
Pt−1

)
−Aβt

}
(16)

Kalman gain: kt =
Aσ2

t

A2σ2
t + σ2

v

(17)

Variance b: σ2
t = σ2

t−1 + σ2
w −

(σ2
t−1A)2

A2σ2
t−1 + σ2

v

(18)
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A2σ2
t + σ2

v

(17)

Variance b: σ2
t = σ2

t−1 + σ2
w −

(σ2
t−1A)2

A2σ2
t−1 + σ2

v

(18)



3.2.3.- The role of taxes in PD volatility (I)

I Remember:

PDRE
t = PD(τt) PDIR

t = PD(τt, βt)

I Then, ∆τt ⇒ ∆PDt... why?

Fundamental channel: τ determines the net expected cash
flows.

Pt = z(τt)EPt

[
δ
(Ct+1

Ct

)−γ
[(1− τt+1)Dt+1 + (1− πτt+1)Pt+1]

]

(19)

I ∆τt ⇒ ∆PDt... how long does it last?

Result 2: The direct effect of tax changes on price-dividend
volatility is transitory.
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3.2.3.- The role of taxes in PD volatility (II)

I Consider τt = τ ∀t.
⇒ RE: PDt = PD(τ) = constant.

⇒ IR: PDt = PD(τ, βt) 6= constant.

Does the tax level τ play any role?

Non-fundamental channel: taxes are a wedge between beliefs
and PD fluctuations.

Var
[P
D

(
βt

)]
≈ Var

[P
D

(
a1−γρ

)]

︸ ︷︷ ︸
RE var. = 0

+ ω(τ)︸︷︷︸
Tax wedge

× Var(βt)︸ ︷︷ ︸
Non-fundamental var.
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3.2.3.- The role of taxes in PD volatility (III)

Beliefs elasticity of stock prices is
monotonically decreasing on the tax rate.

t

High tax

Low tax

Tax level wedge



3.2.3.- The role of taxes in PD volatility (IV)

Dynamic effect on beliefs:
With high taxes, βt tend to depart less

from its fundamental value.

t  = t-1

t+1 = t

t

t-1

a1-

High
tax

Middle
tax

Low
tax

	
	
	

t  = t-1

t+1 = t

t

t-1

a1-

A

B

C

D



3.2.3.- The role of taxes in PD volatility (V)

Result 3: The indirect effect of a permanent tax change on price-
dividend volatility is permanent.

I Tax indirect effect: only taxes are kept constant
τt = τ ∀t.

I In this event, the tax level determine the scale of
price-dividend volatility, that is

τ < τ̃ ⇒ {vt(τ)} > {vt(τ̃)}

I This indirect effect is missing under Rational
Expectations.



4.- Quantitative Analysis



4.1.- Asset Pricing Facts

Real Dividend growth mean E(Dt+1/Dt) 1.0037

Real Dividend growth st. deviation sd 1.66

Average Real Stock Returns E(rs) 1.64

Average Real 1-month Treasury Bill E(rb) 0.26

Stock returns st. deviation σ(rs) 8.26

Price-Dividend mean E(PD) 148.99

Price-Dividend st. deviation σ(PD) 64.07

1st order Price-Dividend autocorrelation corr(PDt, PDt−1) 0.95

Predictability Regression Coefficient c15 -0.0027

Predictability Regression Determination Coefficient R2 0.14

Long Run PD volatility mean E(v) 18.96

Long Run PD volatility st. deviation σ(v) 1.80

Correlation Price-Dividend with taxes corr(PDt, τt+1) -0.64

Correlation Long run PD volatility with taxes corr(vt, τt+1) -0.75



4.2.- Model evaluation strategy

I Calibrated parameters (US data): θ̃ = {sc, sd, ρcd, π}
I Estimated parameters θ = {δ, γ, a, A, σ2

w, PD
L, PDU}

I Estimation through SMM

θ̂ = arg min
θ∈Θ

[
Ŝi − S̃i(θ)

]′
Σ̂−1
S

[
Ŝi − S̃i(θ)

]
(20)

where Ŝi are the empirical asset pricing statistics and S̃i(θ)
are model-implied statistics generated by a Montecarlo
experiment.

I Test: match traditional + new asset pricing facts.
Individual significance t-tests.

Projection Facility



4.3.- Baseline estimation results

US data IR model RE model

Ŝi σ̂Ŝi Si(θ̂) t-stat Si(θ̂) t-stat

E(Dt/Dt−1) 1.0037 0.0021 1.0030 0.33 0.9985 2.42

E(rs) 1.64 0.56 1.92 -0.50 0.53 1.97

E(rb) 0.28 0.11 0.31 -0.22 0.41 -1.23

σ(rs) 8.26 0.59 7.10 1.96 1.81 10.95

E(PD) 148.99 15.32 142.47 0.43 162.34 -0.87

σ(PD) 64.07 12.17 74.97 -0.90 11.56 4.32

corr(PDt, PDt−1) 0.95 0.05 0.97 -0.23 0.82 2.82

c15 -0.0027 0.0017 -0.0060 1.88 0.0003 -1.79

R2
5 0.14 0.17 0.34 -1.18 0.00 0.84

E(v) 18.96 0.73 20.03 -1.46 17.14 2.49

σ(v) 1.80 0.53 2.64 -1.59 0.01 3.39

corr(PDt, τt) -0.64 0.08 -0.61 -0.40 -0.99 4.51

corr(vt, τt) -0.75 0.13 -0.68 -0.50 -0.09 -5.07

Baseline Parameters



4.4.- The Equity Premium (I)

”The [EP] puzzle as now distilled includes the
equity premium, the market Sharpe ratio and thus market
volatility, a low and stable risk-free rate, realistic mean,
volatility and predictability (not much) of
consumption growth, with a positive subjective
discount factor and low risk-aversion”. Cochrane (2017).

The IR model does the job!

...but why?

Get a high enough mean stock return by:

+ Matching volatility (risk).

+ Matching the increasing trend in the PD ratio.

+ Doing so without affecting the low and stable risk-free
rate.
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4.4.- The Equity Premium (II)

Decomposition of the stock return geometric mean:
+ R1: dividend growth
+ R2: Depends on PD ratio trend
+ R3: Depends on PD ratio mean and volatility

(
N∏
t=1

Pt +Dt
Pt−1

) 1
N

=

(
N∏
t=1

Dt
Dt−1

) 1
N

︸ ︷︷ ︸
R1

(
PDN + 1

PD0

) 1
N

︸ ︷︷ ︸
R2

(
N−1∏
t=1

PDt + 1

PDt

) 1
N

︸ ︷︷ ︸
R3

(21)

US data IR model RE model

Ŝi σ̂Ŝi Si(θ̂) t-stat Si(θ̂) t-stat

R1 1.0033 0.0015 1.0028 0.40 0.9997 3.39

R2 1.0025 - 1.0057 - 1.0010 -

R3 1.0075 0.0012 1.0081 -0.40 1.0061 1.24



4.4.- The Equity Premium (III)

I Volatility: generated by non-fundamental volatility

⇒ no need of unrealistically volatile consumption growth.

I PD trend: generated by the decline in capital taxes

⇒ no need of too high risk aversion to generate high E(rs)

⇒ No risk-free rate puzzle.

I Both factors are orthogonal to the determination of the risk-free
rate!

rbt =

(
1

δa−γexp
{
s2c
2 γ(γ + 1)

} − 1

)(
1

1− τ bt

)
(22)
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4.5.- Robustness Analysis (I): Anticipated tax changes

I So far, EPt (τt+1) = τt.

I Now, EPt (τt+n) = τt+1 for n ≥ 1. It changes:

The general equilibrium prices

Pt
Dt

=
δa1−γρz(τt+1)(1− τt+1)

1− δβpt z(τt+1)(1− πτt+1)
(23)

RE capital gains beliefs

Et

[(Ct+1

Ct

)−γ(Pt+1

Pt

)]
=

(1− τt+2)z(τt+2)(1− δa1−γρ(1− πτt+2))

(1− τt+1)z(τt+1)(1− δa1−γρ(1− πτt+1))︸ ︷︷ ︸
≡h(τt+1,τt+2)

a1−γρ

(24)

Investor’s subjective view of risk-adjusted price growth
(Ct+1

Ct

)−γ(Pt+1

Pt

)
= Ah(τt+1, τt+2)bt + vt

bt = bt−1 + wt

(25)
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4.5.- Robustness Analysis (II): Constant Gain Learning

I The Riccati recursion for σ2
t → σ2∗ if (A, 1) is observable and

(1, σ2
w) is controllable. This is true in the model.

I Analytic solution to the Algebraic Ricatti Equation

σ2
ss =

A2σ2
w ±

√
A4σ4

w + 4A2σ2
vσ

2
w

2A2
(26)

From that, the steady state Kalman gain reads as

kss =
Aσ2

ss

A2σ2
ss + σ2

v

(27)

I Hence, the steady state Kalman algorithm boils down to CG

βt+1 = βt + kss

{( Ct
Ct−1

)−γ( Pt
Pt−1

)
−Aβt

}
(28)
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4.5.- Robustness Analysis (II): Constant Gain Learning

I The Riccati recursion for σ2
t → σ2∗ if (A, 1) is observable and

(1, σ2
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4.5.- Robustness Analysis (III): Results

US data Anticipated ∆τ CG Learning

Ŝi Si(θ̂) t-stat Si(θ̂) t-stat

E(Dt/Dt−1) 1.0037 1.0023 0.63 1.0026 0.51

E(rs) 1.64 1.98 -0.61 1.84 -0.37

E(rb) 0.28 0.23 0.49 0.30 -0.14

σ(rs) 8.26 7.93 0.56 7.10 1.97

E(PD) 148.99 135.73 0.87 142.45 0.43

σ(PD) 64.07 66.57 -0.21 73.43 -0.77

corr(PDt, PDt−1) 0.95 0.96 -0.15 0.97 -0.22

c15 -0.0027 -0.0056 1.70 -0.0059 1.83

R2
5 0.14 0.36 -1.29 0.33 -1.12

E(v) 18.96 19.60 -0.87 20.10 -1.55

σ(v) 1.80 2.30 -0.94 2.72 -1.74

corr(PDt, τt) -0.64 -0.69 0.64 -0.57 -0.86

corr(vt, τt) -0.75 -0.62 -1.01 -0.67 -0.61



4.6.- Historical Test

I So far, Ct and Dt uncertainty ⇒ Montecarlo experiment.

I However, τt uncertainty ⇒ observed tax shocks.

I Now, observed Ct and Dt shocks + mean growth a
⇒ match the historical trajectory of {vt}.
It changes:

Actual price growth:

Pt
Pt−1

=

(
1 +

δA∆[z(τt)(1− πτt)βt]
1− δz(τt)(1− πτt)Aβt

)
z(τt)(1− τt)

z(τt−1)(1− τt−1)

Dt

Dt−1

(29)

Kalman updating equation:

βt+1 = βt + kt

{( Ct
Ct−1

)−γ( Pt
Pt−1

)
−Aβt

}
(30)
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4.6.- Historical test: Estimation results

US data IR model with Historical Data

Ŝi Si(θ̂) t-stat

E(Dt/Dt−1) 1.0037 1.0037 0.00

E(rs) 1.64 1.89 -0.44

E(rb) 0.28 0.43 -1.39

σ(rs) 8.26 6.16 3.57

E(PD) 148.99 131.88 1.12

σ(PD) 64.07 79.65 -1.28

corr(PDt, PDt−1) 0.95 0.98 -0.56

c15 -0.0027 -0.0061 1.96

R2
5 0.14 0.20 -0.35

E(v) 18.96 18.48 0.66

σ(v) 1.80 2.12 -0.61

corr(PDt, τt) -0.64 -0.71 0.95

corr(vt, τt) -0.75 -0.79 0.33



4.6.- Historical test: volatility trajectory + IRF
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5.- Extension:
Heterogeneous taxes



5.1.- Tax rates

I Change the synthetic capital tax rate by a:

I Effective Average Marginal Dividends tax rate:

τDt = τdt (1− ηt) (31)

I Effective Average Marginal Capital Gains tax rate:

τKGt = (χτskgt + (1− χ)τ lkgt )(1− ηt) (32)

where χ stands for the fraction of short over total capital gains.



5.1.- Tax rates (II)
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5.2.- Analytical results (I)

I Equilibrium price-dividend ratio

Pt
Dt

=
δa1−γρz(τKGt )(1− τDt )

1− δβpt z(τKGt )(1− πτKGt )
(33)

where βpt can be replaced by its RE or IR version.



5.2.- Analytical results (II)

Result 4: The capital gains tax level is more important
than the dividend tax level to regulate volatility.
I Exposition of price-dividend variance to expectations

variance depends on both τD, τKG

Var
[P
D

(
βt
)]
≈ Var

[P
D

(
a1−γρ

)]
︸ ︷︷ ︸

RE var. = 0

+ω(τD, τKG)︸ ︷︷ ︸
Tax wedge

× Var(βt)︸ ︷︷ ︸
Non-fund. var.

I But, conditioning on the variables level, the role of the
dividend tax level disappears...

∂Pt/Pt
∂βt/βt

=
δz(τKGt )(1− πτKGt )βt

1− δz(τKGt )(1− πτKGt )βt
≡ εpβ,t = εpβ(τKG, βt)



5.3.- Estimation Results

US data IR model with τD, τKG

Ŝi Si(θ̂) t-stat

E(Dt/Dt−1) 1.0037 1.0027 0.47

E(rs) 1.64 2.01 -0.67

E(rb) 0.28 0.27 0.11

σ(rs) 8.26 7.13 1.92

E(PD) 148.99 137.43 0.75

σ(PD) 64.07 75.65 -0.95

corr(PDt, PDt−1) 0.95 0.97 -0.27

c15 -0.0027 -0.0062 2.04

R2
5 0.14 0.37 -1.36

E(v) 18.96 19.92 -1.31

σ(v) 1.80 2.59 -1.49

corr(PDt, τ
D
t ) -0.63 -0.68 0.67

corr(vt, τ
D
t ) -0.71 -0.69 -0.13

corr(PDt, τ
KG
t ) -0.58 -0.51 -0.71

corr(vt, τ
KG
t ) -0.73 -0.55 -1.29



6.- Conclusions



6.- Main results

1. A new empirical fact:

Correlation(volatility, capital taxes) = -0.84

2. +Consumption-based asset pricing model

+ Subjective Expectations

+ Stochastic Capital Taxation

⇒ Taxes rule volatility through two channels:

Traditional: tax changes capitalizes into price volatility.

Only transitory effect on volatility.

New: the tax level is a wedge between beliefs and price
volatility.

Permanent effect on volatility.

3. The model matches a comprehensive list of asset pricing facts.

Including a high enough Equity Premium!
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6.2.- Implications & Future Research

I High tax rates make stock booms and busts less likely.

⇒ Capital taxes may act as stabilizers of stock price cycles.

I Normative implications for Macroprudential policy.

I Compare: Capital taxes vs. Financial Transactions Tax.

I Extend the domain:

International evidence.

Other assets: housing price inflation.
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Additional Information



The Taxable Share
I Computed following Rosenthal and Austin (2016). Very similar to

McGrattan and Prescott (2005) and Sialm (2009).

I Idea: share of Corporate Equities in hands of households (excluding
IRA).

I Data from the Financial Accounts of the United States.
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1.2.- Predicting volatility with taxes (I)
I Correlation(vt, τt) = -0.84

I Challenge: two rounds of tax cuts, but only an increase on
volatility during the second one. Why?
1.- Non-linear relationship:

vt = eλ0τλ1t+1 (34)

Capital Tax Rate

Volatility



1.2.- Predicting volatility with taxes (II)

I Challenge: two rounds of tax cuts, but only an increase on
volatility during the second one. Why?
2.- Structural change in the coefficients.
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1.2.- Predicting volatility with taxes (III)

Taxes alone predict up to 85.80% of the long run volatility
variation.
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Solution Method

I The model is solved by resorting to an approximation.

I Euler Equation

Pt =

EPt

[
δ
(
Cit+1

Cit

)−γ
((1− τt+1)Dt+1 + (1− πτt+1)Pt+1)

]

1− δEPt

[(
Cit+1

Cit

)−γ
]
πEPt (τt+1)

(35)

I If EPt
[(

Cit+1

Cit

)−γ]
' EPt

[(
Ct+1

Ct

)−γ]
holds with sufficient

accuracy, equilibrium prices can be obtained directly from
the Euler Equation.

Back



Approximation consumption expectations
The model solution relies on this approximation:

EPt

[(Cit+1

Cit

)]
≈ EPt

[(Ct+1

Ct

)]
= Et

[(Cit+1

Cit

)]
(36)

Subjective-objective probability measure gap:

EPt

[(Cit+1

Cit

)]
− Et

[(Cit+1

Cit

)]
=

1
Wt
Dt

+ 1
EPt

[
Pt+1

Dt
(1− Sit+1) +

Tt+1

Dt
− τt+1

(Dt+1

Dt
− π (Pt+1 − Pt)

Dt

)]
≈ 0

(37)

Under two conditions:

I Dividends are a small part of investor’s income (i.e., Wt >> Dt).

I Subjective expectations of the bracket term is bounded. Since

Sit , τt, Tt, Dt+1/Dt are bounded, it just requires:

I Bounded price expectations (i.e., EPt
Pt+1

Dt
< M̄).

I Bounded Price-Dividend ratio (i.e. Pt

Dt
< ¯PD).



Block Diagram of the Kalman algorithm 
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ahead taxes but also of the time-varying coe�cients Pt
Dt

= Pt
Dt

⇣
⌧t+1,bt

⌘
. As a result, realized

risk-adjusted capital gains reads as

⇣Ct+1

Ct

⌘��⇣Pt+1

Pt

⌘
=

 
1 +

��[g(⌧t+2)�̃t+1]
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!
g(⌧t+2)

g(⌧t+1)

Dt+1

Dt

⇣Ct+1

Ct

⌘��
(16)

where

�̃t = b0t + b1tg(⌧t+1)

The previous expression clearly means that what agents expect (14) and what really happens

(16) is in general di↵erent. This potential discrepancy between perceived and realized capital gains

gives rise to a learning problem: agents do not keep making systematic errors but rather use the

new capital gains realizations to gain knowledge about the true law of motion. Nevertheless, the

problem is a bit more complex: agents observe noisy realizations of risk-adjusted price growth

without clearly knowing what is worth it to keep (persistent changes) and what is pure noise

(or transitory). Thus, they have to filter out the realizations to pin down the hidden variable

(the persistent component). The most e�cient way to do so is by using the Kalman filter, which

recursively predicts next state based on current price signals. Then, internal rational agents use a

state-space model consisting of expression (14) together with

bt = Abt�1 + wt�1 (17)

where 0
@ vt

wt

1
A ⇠ iiN

"
0,

0
@�2

v 0

0 W

1
A
#

In this setup, bt is a 2x1 vector containing the time-varying states, that is, the unobserved

coe�cients that map one-period ahead taxes and a constant into capital gain beliefs, with A being

the states matrix, assumed to be the identity matrix. wt is the states noise vector, with W as their

covariance matrix, which is assumed to be diagonal (uncorrelated state noises).

"c
t , "

d
t

Kt

W,�2
v

9

Income process. This is a pure exchange economy. When the time starts, each agent is endowed

with one unit of stock (s�1 = 1). The dividends Dt it pays are exogenous, obeying a random

walk with drift process

log Dt = µ + log Dt�1 + log ✏dt (1)

where µ = log a, with a � 1 being the permanent component and ✏dt ⇠ log N (1, es2
d � 1)

the random unpredictable shock (this is one source of uncertainty). Shocks are independent

and identically distributed. Capital gains are endogenously determined (next subsection).

Each agent gets a lump-sum transfer Tt each period. Agents ignores their arbitrarily small

influence their savings decision has on the transfer received. Finally, she receives Wt units

goods (which one might call wages). The introduction of wages captures the fact that the

observed consumption dynamics are less volatile than the dividend dynamics, while retaining

the correlation between dividend and consumption growth. Instead of specifying a process for

the other exogenous variable Wt, following most of the literature I set up a specific aggregate

consumption process which under the right calibration resembles the empirical aggregate

consumption process

log Ct = µ + log Ct�1 + log ✏ct (2)

where µ is the same as for dividends, ✏ct ⇠ log N (1, es2
c � 1) and are i.i.d. as well. Besides,

(✏dt , ✏
c
t) are log-Normal jointly distributed; their correlation is given by ⇢cd. The process for

Wt is implied by feasibility.

Markets. Financial markets are competitive but incomplete. A negative amount of stocks and

bonds is allowed up to some point (specified below). Bonds are in zero net supply (Bt = 0).

Goods market behaves also competitively. Then, stock prices are such that markets clear,

that is, Ct = Wt + Dt holds in the goods market in addition to zero aggregate bonds. Notice

that stock prices are in fact relative prices (normalized by the price of the consumption good).

Investors beliefs and preferences. Each investor faces a consumption-saving decision: she chooses

sequences of consumption and stock and bonds holdings {ct, st, bt}1t=0. They are not endowed

with knowledge about the pricing function. Thus, instead of having an exact forecast of

Pt | (Dt, W t, ⌧ t), each investor has a probabilistic view (an entire distribution) of Pt condi-

tional on the states history. This option gives rise to an additional uncertainty source and a

larger state space ⌦, made of the realizations of the four internally exogenous processes (i.e.,

taken as given by investors), being ! = {Dt, Wt, Pt, ⌧t}1t=0 a typical element of ⌦. Therefore,
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All in all, a self-referential system made up of perceived and realized capital gains equation (i.e.,

expressions (18)-(20)-(21)-(22)) arises10. Thus, given initial expectations in period 0 and 1 (bt, for

t = 0, 1) and their initial variance (�2
t , for t = 0, 1), the system of equations completely charac-

terizes the evolution of the coe�cients governing the subjective price expectations �t over time.

The mechanics are as follows. Given a prior for the learning coe�cients, capital gains expectations

can be obtained using one-period ahead taxes. This expectations together with the risk-adjusted

dividend growth realization and today and tomorrow taxes determine realized capital gains. Then,

expected and realized capital gains can be compared, causing a ”surprise” (or prediction error).

Finally, this prediction error is weighted using optimal Kalman gain and used to correct next period

learning coe�cients. Hence, there is a feedback e↵ect between expected and realized capital gains

that generates rich stock price dynamics. The system is graphically represented in Figure 3.
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10Note that in expression (20), bt+1 is determined using information of risk-adjusted stock price up to period t.
According to expression (16), bt+1 would be a function of price growth at t+1 and the price growth at t+1 would be
a function of bt+1 (as (18)). In other words, there is simultaneity. The restriction imposed in (20) is a shortcut to
infuse recursiveness in the system: beliefs in t+1 are updated using price growth at t; bt+1 generates price growth at
t+1, and so on. The reason why simultaneity is avoided is that it generates important di�culties in learning models
(see Adam (2003)). This information lag is commonly used in the learning literature.
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expected and realized capital gains can be compared, causing a ”surprise” (or prediction error).
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where

�t = Gtbt (19)

The previous expression clearly implies that what agents expect (16) and what really happens

(18) is in general di↵erent. This potential discrepancy between perceived and realized capital gains

gives rise to a learning problem: agents do not keep making systematic errors but rather use the

new capital gains realizations to gain knowledge about the true law of motion. Nevertheless, the

problem is a bit more complex: agents observe noisy realizations of risk-adjusted price growth

without clearly knowing what is worth it to keep (persistent changes) and what is pure noise

(or transitory). Thus, they have to filter out the realizations to pin down the hidden variable

(the persistent component). The most e�cient way to do so is by using the Kalman filter, which

recursively predicts next state based on current price signals. Then, internal rational agents use

the state-space model (16) to update the belief coe�cient. Let initial prior be centered around the

Rational Expectations value, that is

b̂0 ⇠ N
⇣
a1��⇢, �2

0

⌘

where �0 is the initial prior error variance (determined below). Posterior beliefs at any time t are

centered about the prior estimates b̂t

bt ⇠ N (b̂t, �
2
t )

where normality comes from the noise distributional assumptions. Prior estimates evolves according

to

b̂t+1 = b̂t + kt

(⇣ Ct
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⌘��⇣ Pt

Pt�1

⌘
� Gtb̂t

)
(20)

where kt is the optimal Kalman gain which captures the intensity at which agents update their

beliefs when new information is acquired. Note that when the optimal gain matrix tends to zero,

coe�cients tend to their RE values (kt ! 0 ) b̂t = b̂t�1 and then, b̂ ! E[b0]). Thus, agents’

parameter beliefs are close to RE as long as the gain parameter matrix is small. The optimal
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All in all, a self-referential system made up of perceived and realized capital gains equation (i.e.,

expressions (18)-(20)-(21)-(22)) arises10. Thus, given initial expectations in period 0 and 1 (bt, for

t = 0, 1) and their initial variance (�2
t , for t = 0, 1), the system of equations completely charac-

terizes the evolution of the coe�cients governing the subjective price expectations �t over time.

The mechanics are as follows. Given a prior for the learning coe�cients, capital gains expectations

can be obtained using one-period ahead taxes. This expectations together with the risk-adjusted

dividend growth realization and today and tomorrow taxes determine realized capital gains. Then,

expected and realized capital gains can be compared, causing a ”surprise” (or prediction error).

Finally, this prediction error is weighted using optimal Kalman gain and used to correct next period

learning coe�cients. Hence, there is a feedback e↵ect between expected and realized capital gains

that generates rich stock price dynamics. The system is graphically represented in Figure 3.
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t+1, and so on. The reason why simultaneity is avoided is that it generates important di�culties in learning models
(see Adam (2003)). This information lag is commonly used in the learning literature.
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Given initial expectations in period 0 and 1 (betat, for t = 0, 1) and their initial variance (�2
t ,

for t = 0, 1), the system of equations completely characterizes the evolution of the coe�cients

governing the subjective price expectations Abt over time. The mechanics are as follows. Given

a prior for the learning coe�cients, capital gains expectations can be obtained using one-period

ahead taxes. This expectations together with the risk-adjusted dividend growth realization and

today and tomorrow taxes determine realized capital gains. Then, expected and realized capital

gains can be compared, causing a ”surprise” (or prediction error). Finally, this prediction error is

weighted using optimal Kalman gain and used to correct next period learning coe�cients. Hence,

there is a feedback e↵ect between expected and realized capital gains that generates rich stock price

dynamics. The system is graphically represented in Figure ??.
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The gap between subjective individual and aggregate consumption expectations is given by
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This expression is approximately zero under the following conditions. First, dividends must be

a small part of investor’s income (i.e., Wt >> Dt). Second, the subjective expectations of the

bracket term must be bounded. Since Si
t , ⌧t, Tt, Dt+1/Dt are bounded, it just requires bounded

price expectations (i.e., EP
t

Pt+1

Dt
< M̄) and a bounded price-dividend ratio (i.e. Pt

Dt
< ¯PD). This

conditions are assumed to be true. Therefore, aggregate consumption can be plugged in the Euler

Equation (15) and equilibrium prices can be directly computed34.

With the previous assumptions, the conditional expectation about risk-adjusted dividend growth
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Additionally, let �p
t be the risk-adjusted capital gains expectations
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Finally, the conditional tax expectations is simply

EP
t (⌧t+1) = Et(⌧t+1) = ⌧t (20)

Plugging the expectations (18), (19) and (20) in the Euler Equation (15), the equilibrium price-

34Notice, however, that if the equality between individual and aggregate consumption beliefs were to hold almost
surely in each period and contingency in the future, then the equilibrium price will be equal to the tax- and risk-
adjusted discounted sum of dividends given by (16). It will be shown that it is not the case, though: prices will di↵er
substantially from its Rational Expectations counterpart. Then, it must be the case that agents have di↵erent beliefs
and the approximation is not zero.
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weighted using optimal Kalman gain and used to correct next period learning coe�cients. Hence,

there is a feedback e↵ect between expected and realized capital gains that generates rich stock price
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Projection Facility

I The equilibrium PD ratio faces a discontinuity.

I Simulation requires to set up the following modified belief
updating equation to ensure non-negative prices.

b̂t+1 = w

(
b̂t + kt

{( Ct
Ct−1

)−γ( Pt
Pt−1

)
− h̃tb̂t

})
(38)

where

w(x) =

{
x if x ≤ bLt
bLt +

x−bLt
x+bUt −2bLt

(bUt − bLt ) if x > bLt
(39)

where

bqt =
PDq − δa1−γρz(τt+2)(1− τt+2)

PDqδAz(τt+2)(1− πτt+3)
(40)

I Bayesian interpretation: agents attach zero probability to beliefs
coefficients implying a PD ratio higher than PDU .
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Baseline Parameters

Calibrated

sc 0.0070

sd 0.0167

ρcd 0.13

π 0.10

Estimated IR

δ 1.000

γ 0.9341

σ2
w 4.14e-07

A 1.0309

PDL 292.63

PDU 326.20

Estimated RE

δ 0.9932

γ 2.0049
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